For self-injective algebras, Rickard proved that each derived equivalence induces a stable equivalence of Morita type. For general algebras, it is unknown when a derived equivalence implies a stable equivalence of Morita type. In this paper, we first show that each derived equivalence F between the derived categories of Artin algebras A and B arises naturally a functorF between their stable module categories, which can be used to compare certain homological dimensions of A with that of B; and then we give a sufficient condition for the functorF to be an equivalence. Moreover, if we work with finite-dimensional algebras over a field, then the sufficient condition guarantees the existence of a stable equivalence of Morita type. In this way, we extend the classic result of Rickard. Furthermore, we provide several inductive methods for constructing those derived equivalences that induce stable equivalences of Morita type. It turns out that we may produce a lot of (usually not self-injective) finite-dimensional algebras which are both derived-equivalent and stably equivalent of Morita type, thus they share many common invariants.
Introduction
As is well-known, derived equivalence and stable equivalence of Morita type are two fundamental types of equivalences in algebras and categories, and play an important role in the modern representation theory of groups and algebras, they transfer information from one algebra to another, and provide a convenient bridge between two different (derived or stable) categories. In particular, derived equivalences preserve many significant invariants; for example, the center of an algebra, the number of non-isomorphic simple modules, the Hochschild cohomology groups and Cartan determinants, while stable equivalences of Morita type, introduced in around 1990 (see [3] , for example) and appearing frequently in the block theory of finite groups, preserve also many nice invariants; for instance, the global, finitistic, and representation dimensions [18] as well as the representation types [7] . For self-injective algebras, the two notions are closely related to each other, this was revealed by a well-known result of Rickard [15] , which states that a derived equivalence between self-injective algebras induces always a stable equivalence of Morita type. Moreover, the remarkable Abelian Defect Group Conjecture of Broué, which states that the module categories of a block algebra A of a finite group algebra and its Brauer correspondent B should have equivalent derived categories if their common defect group is abelian (see [12] ), makes the two concepts more attractive and intimate. However, for general finite-dimensional algebras, derived equivalence and stable equivalence of Morita type seem to be completely different from each other; for example, a representation-finite algebra may be derived-equivalent to a representation-infinite algebra via a tilting module, and consequently they neither are stably equivalent of Morita type nor have the same representation dimension. Thus a natural question arises: What kind of relationship between a derived equivalence and a stable equivalence of Morita type for general finite-dimensional algebras could exist? In other words, we consider the following question:
Question. When does a derived equivalence between two finite-dimensional (not necessarily self-injective) algebras A and B induces a stable equivalence of Morita type between them ?
Thus, a positive answer to the above questions would let us know more invariants between algebras A and B. However, in the past time, little is known about this question. One even does not known when a derived equivalence induces a stable equivalence for general finite-dimensional algebras.
In the present paper, we shall provide some answers to this question. To state our main result, let us introduce the notion of an almost ν-stable functor. Suppose F is a derived equivalence between two Artin algebra A and B, with the quasi-inverse functor G. Further, suppose
is a radical tilting complex over A associated to F, and supposē
is a radical tilting complex over B associated to G. The functor F is called almost ν-stable if add(
, and add(
, where ν A is the Nakayama functor of A. Note that the summations exclude only the term in degree 0. If A and B are self-injective, every derived equivalence between A and B is almost ν-stable (by Proposition 3.8 below). Surprisingly, even beyond the class of self-injective algebras there are plenty of almost ν-stable derived equivalences, for example, the derived equivalences constructed in [6, Corollary 3.8] and in Proposition 3.11 below. In fact, we shall give a general machinery below to produce such derived equivalences.
With this notion in mind, our main result can be stated as follows.
Theorem 1.1. Let A and B be Artin algebras, and let F be a derived equivalence between A and B. Then: (1) F induces a functorF from the stable module category over A to that over B. (2) If F is almost ν-stable, then the functorF defined in (1) is an equivalence. Furthermore, if F is an almost ν-stable derived equivalence between finite-dimensional algebras A and B over a field k, then there is a stable equivalence Φ of Morita type between A and B such that Φ(X ) ≃F(X ) for all objects X in the stable module category over A.
As a consequence of the proof of Theorem 1.1, we have the following facts on the homological dimensions of algebras.
Corollary 1.2. Let A and B be Artin algebras, and let F be a derived equivalence between A and B. If add( A Q) = add(ν A Q), then
(1) gl.dim(A) gl.dim(B), Note that if A and B are finite-dimensional self-injective, we re-obtain the well-known result [15] of Rickard from Theorem 1.1: Derived-equivalent self-injective algebras are stably equivalent of Morita type. Moreover, Theorem 1.1 allows us to obtain a lot of (usually not self-injective) algebras which are both derived-equivalent and stably equivalent of Morita type. By the following corollary, we can even repeatedly construct derived equivalences satisfying the almost ν-stable condition.
Corollary 1.3. Let k be a field, and let F be an almost ν-stable derived equivalence between two finitedimensional k-algebras A and B. Then:
(1) For any finite-dimensional self-injective k-algebra C, there is an almost ν-stable derived equivalence between the two tensor algebras A ⊗ k C and B ⊗ k C.
(2) LetF be the stable equivalence induced by F in Theorem 1.1. Then, for each A-module X , there is an almost ν-stable derived equivalence between the endomorphism algebras End A (A ⊕ X ) and End B (B ⊕F(X )).
(
3) If X is an A-module such that F(X ) is isomorphic to a B-module Y , then there is an almost ν-stable derived equivalence between the one-point extensions A[X ] and B[Y ].
This paper is organized as follows. In Section 2, we shall recall some basic definitions and facts required in proofs. In Section 3, we first show that every derived equivalence F between two Artin algebras A and B gives rise to a functorF between their stable module categories, and then give a sufficient condition for the functor F to be an equivalence between stable module categories over Artin algebras. In Section 4, we deduce some properties of the functorF and then compare homological dimensions of A with that of B. In particular, we get Corollary 1.2. As a by-product, we re-obtain the result that a derived equivalence preserves the finiteness of finitistic dimension. In Section 5, we show that the condition given in Section 3 is sufficient for F to induce a stable equivalence of Morita type when we work with finite-dimensional algebras over a field. In Section 6, we give several methods to construct inductively derived equivalences satisfying the almost ν-stable condition. Finally, in Section 7, we exhibit a couple of examples to explain our points about the main result.
Preliminaries
In this section, we shall recall basic definitions and facts required in our proofs.
Let C be an additive category. For two morphisms f : X → Y and g : Y → Z in C , the composition of f with g is written as f g, which is a morphism from X to Z. But for two functors F : C → D and G : D → E of categories, their composition is denoted by GF. For an object X in C , we denote by add(X ) the full subcategory of C consisting of all direct summands of finite direct sums of copies of X .
Throughout this paper, unless specified otherwise, all algebras will be Artin algebras over a fixed commutative Artin ring R. All modules will be finitely generated unitary left modules. If A is an Artin algebra, the category of all modules over A is denoted by A-mod; the full subcategory of A-mod consisting of projective (respectively, injective) modules is denoted by A-proj (respectively, A-inj). We denote by D the usual duality on A-mod. The duality Hom A (−, A) from A-proj to A op -proj is denoted by * , that is, for each projective Amodule P, the projective A op -module Hom A (P, A) is denoted by P * . We denote by ν A the Nakayama functor
The stable module category A-mod of an algebra A is, by definition, an R-category in which objects are the same as the objects of A-mod and, for two objects X ,Y in A-mod, their morphism set, denoted by Hom A (X ,Y ), is the quotient of Hom A (X ,Y ) modulo the homomorphisms that factorize through projective modules. Two algebras are said to be stably equivalent if their stable module categories are equivalent as R-categories.
For 
The category of complexes over C is denoted by C (C). The homotopy category of complexes over C is denoted by K (C ). When C is an abelian category, the derived category of complexes over C is denoted by D(C ). The full subcategory of K (C ) and D(C ) consisting of bounded complexes over C is denoted by K b (C ) and D b (C ), respectively. Moreover, we denote by C − (C ) the category of complexes bounded above, and by K − (C ) the homotopy category of C − (C ). Dually, we have the category C + (C ) of complexes bounded below and the homotopy category K + (C ) of C + (C ). As usual, for a given Artin algebra A, we simply write
It is well-known that, for an Artin algebra A, K (A) and D(A) are triangulated categories. For basic results on triangulated categories, we refer to Happel's book [5] . Throughout this paper, we denote by X [n] rather than T n X the object obtained from X by shifting n times. In particular, for a complex
is obtained from X • by shifting X • to the left by one degree.
Let A be an Artin algebra. A homomorphism f : X −→ Y of A-modules is called a radical map if, for any module Z and homomorphisms h : Z −→ X and g : Y −→ Z, the composition h f g is not an isomorphism. A complex over A-mod is called a radical complex if all of its differential maps are radical maps. Every complex over A-mod is isomorphic in the homotopy category K (A) to a radical complex. It is easy to see that if two radical complex X • and Y • are isomorphic in K (A), then X • and Y • are isomorphic in C (A).
Two algebras A and B are said to be derived-equivalent if their derived category D b (A) and D b (B) are equivalent as triangulated categories. In [13] , Rickard proved that two algebras are derived-equivalent if and only if there is a complex
satisfying the above two conditions is called a tilting complex over A. By the condition (2), each indecomposable projective A-module is a direct summand of T i for some integer i. It is known that, given a derived equivalence F between A and B, there is a unique (up to isomorphism) tilting complex
Let F be a derived equivalence between two Artin algebras A and B, and let Q • be a tilting complex associated to F. Without loss of generality, we may assume that Q • is radical and that Q i = 0 for i < −n and i > 0. Then we have the following fact, for convenience of the reader, we include here a proof. 
Proof. Note that the tilting complex Q • associated to F is radical and of the form:
, which means thatQ • is a tilting complex associated to G. Moreover, on the one hand, we have
for all m > 0, and consequentlyQ • has zero terms in all negative degrees. On the other hand, we have
Thus the complexQ • has zero terms in all degrees larger than n, and its n-th term is non-zero.
The following lemma will be used frequently in our proofs. Again, we include here a proof for convenience of the reader. 
Proof. For simplicity, we write K = K (A-Mod) and D = D(A-Mod). The category of all left (not necessarily finitely generated) projective A-modules is denoted by A-Proj. By applying the shift functor, we may assume m = 0. Suppose (1) is satisfied.
First, we consider the case X i = 0 for all i < 0. Let
Since π • is a quasi-isomorphism, the right vertical map is an isomorphism. We have shown that the left vertical map is an isomorphism. Moreover, since P • X is a complex in K (A-Proj) and bounded above, the map
Now, let X • be an arbitrary complex satisfying the condition (1). Then there is a distinguished triangle 
By our assumption, we have Y i = 0 for all i < 0, and therefore Hom 
The proof for the situation (2) proceeds dually.
In the following, we point out a relationship between the Nakayama functor and a derived equivalence. Let [15] . We shall extend this to Artin algebras by using the notation of Auslander-Reiten 
Proof. Note that there is an invertible natural transformation α P : DHom A (P, −) −→ Hom A (−, ν A P) for each projective A-module P. This induces an invertible natural transformation of two functors from D b (A) to R-mod.
Recall that D = Hom R (−, J) with J an injective envelope of the R-module R/rad(R). Let ψ be a non-zero R-
with ψ . Then φ is non-zero and vanishes on rad(End D b (A) (P • )). Thus we have a distinguished triangle
is the mapping cone of the map α P • (φ). Clearly, this triangle satisfies the conditions (AR1) and (AR2). Let f : X • −→ P • be a morphism which is not a split epimorphism. Then we have a commutative diagram
where
Since f is not a split epimorphism and P • is indecomposable, we find that, for each morphism g :
and indecomposable, there is also an Auslander-Reiten triangle
. Further, if we apply the functor F to ( * ), we get another Auslander-Reiten triangle
. By the uniqueness of the Auslander-Reiten triangle associated to the given complex F(P • ), we see that
Finally, let us remark that, given a functor
let s X denote the isomorphism from F X to F(X ), and we define
Stable equivalences induced by derived equivalences
In this section, we shall first construct a functorF : A-mod −→ B-mod between the stable module categories of two Artin algebras A and B from a given derived equivalence F :
, and then give a sufficient condition to ensure that the functorF is an equivalence. In Section 5, we shall see a stronger conclusion when we work with finite-dimensional algebras instead of general Artin algebras.
Let us first recall some notions and notations. Let A be an Artin algebra. The homotopy category K b (A-proj) can be considered as a triangulated full subcategory of
(for the definition, we refer the reader to the excellent book [11] ). Then there is a canonical functor
Clearly, Σ ′ (P) is isomorphic to zero for each projective A-module P, so Σ ′ factorizes through the natural functor A-mod −→ A-mod. This gives rise to an additive functor Σ :
Rickard [14] proved that Σ is an equivalence provided that the algebra A is self-injective. But for an arbitrary algebra, this is no longer true in general; for instance, if A is a non-semisimple Artin algebra of finite global dimension, then the quotient category D b (A)/K b (A-proj) is zero, and therefore the functor Σ is a zero functor which cannot be an equivalence.
Let A and B be two Artin algebras. Suppose F :
is a derived equivalence between A and B. Then F induces an equivalence between the quotient categories
For simplicity, we denote this induced equivalence also by F. Thus, if A and B are self-injective, then A-mod and B-mod are equivalent. However, this is not true in general for arbitrary finite-dimensional algebras, namely we cannot get an equivalence of stable module categories from a given derived equivalence in general. Nevertheless, we may ask if there is any "good" functorF : A-mod −→ B-mod induced by F, which could be a possible candidate for a stable equivalence under certain additional conditions, and would cover the most interesting known situations.
In the following, we shall construct an additive functorF :
of additive functors is commutative up to natural isomorphisms. Furthermore, we shall construct a possible candidate for the inverse ofF under an additional condition. From now on, A and B are Artin R-algebras, F is a derived equivalence between A and B with the quasiinverse G. Let Q • be a tilting complex over A associated to F of the following form:
such that all differentials are radical maps. By Lemma 2.1, there is a tilting complexQ • associated to G of the formQ
with all differentials being radical maps. We define Q =
Proof. Let H i be the i-th homology functor on complexes. First of all, we have
= 0 for all i > n and all i < 0, which means that F(X ) has no homology in negative degrees and degrees larger than n. Clearly, we may assume that X is indecomposable. If X is projective, then X is isomorphic to a direct summand of A. Consequently,
Since all terms ofQ • in positive degrees are in add( BQ ), all terms of L • in positive degrees are in add( BQ ). This shows that for every projective A-module P, the complex
to a complex with all of its terms of positive degrees in add( BQ ). Now we show
to a complex in which all of its terms in positive degrees belong to add( BQ ). In fact, if P • has only one non-zero term, then we may write P • = P[t] for a projective A-module P and a non-negative integer t. In this case, F(P • ) is isomorphic to a direct summand ofQ • [t] in which all terms in positive degrees are in add( BQ ), as desired. Now, we assume that P • has at least two non-zero terms. Then there is an integer s < 0 such that the brutal truncations σ <s P • and σ ≥s P • have less non-zero terms than P • does. By induction, the complexes F(σ <s P • ) and F(σ ≥s P • ) are respectively isomorphic to complexes Y • and Z • in K b (A-proj), such that their terms in all positive degrees are in add( BQ ). Since P • is the mapping cone of the map d s−1 P from σ <s P • to σ ≥s P • , the complex F(P • ) is isomorphic to the mapping cone of a chain map from Y • to Z • , and consequently all of its terms in positive degrees lie in add( BQ ). Now, suppose that X is an arbitrary indecomposable A-module and
is a minimal projective resolution of X . We denote by Ω n (X ) the n-th syzygy of X , and by P • 1 the complex
From this triangle one gets the following distinguished triangle in D b (B):
.
and all the terms of P • 1 in positive degrees are zero. Hence
is an A-module, the complex F(Ω n (X )) has no homology in all degrees larger than n. Thus the complex F(Ω n (X )) is isomorphic in D(B) to a complex P • 2 ∈ K − (B-proj) with zero terms in all degrees larger than n. It follows that P • 2 [n − 1] has zero terms in all degrees larger than 1. Hence F(X ) is isomorphic to the mapping cone con(µ) of a map µ from P • 2 [n − 1] to Q • 1 , and all the terms of con(µ) in positive degrees are in add( BQ ). Note that F(X ) has zero homology in all negative degrees and degrees larger than n. Thus con(µ) has the same property. Hence con(µ) is isomorphic in D(B) to a radical complex If X is projective, then X ∈ add(A) and 
Lemma 3.2. Let Y be a B-module. Then G(Y ) is isomorphic in
D b (A) to a radical complex Q • Y of the form 0 G G Q −n Y G G · · · G G Q −1 Y G G Q 0 Y G G 0 with Q −i Y ∈ add(ν A Q) for all i = 1, 2, · · · , n. Moreover, the complex Q • Y of this form is unique up to isomorphisms in C b (A).
Remark. One can easily see that if
The next lemma is useful in our proofs. Proof. There is a distinguished triangle
This means that f = gah ′ and factorizes through σ <1 P • . Thus we may assume P i = 0 for all i > 0 and consider the following distinguished triangle
, the morphisms g ′ and uh are A-module homomorphisms, and therefore f = gh = g ′ (uh), which factorizes through the projective A-module P 0 .
Now we define the functorF. Pick an A-module X , by Lemma 3.1, we know that 
is commutative up to natural isomorphisms.
Proof. By the remark at the end of Section 2 and Lemma 3.1, we may assume that F(X ) is justQ • X for each A-module X , whereQ • X is the complex that we have fixed above. LetQ
The map a f exists because For each A-module X , we defineF(X ) =Q 0 X . Note thatQ 0 X is, up to isomorphisms, uniquely determined by X (see Lemma 3.1). For each homomorphism f in Hom A (X ,Y ), we setF( f ) = b f . Then the above discussions show thatF is well-defined on Hom-sets and thatF is a functor from A-mod to B-mod. Note thatF is additive since F is additive.
To finish the proof of the lemma, it remains to show that π X : F(X ) −→F(X ) is a natural isomorphism in the quotient category D b (B)/K b (B-proj). That the morphism π X is an isomorphism follows from the fact thatQ
It is appropriate to introduce a name for the functorF. Given a derived equivalence F, the functorF constructed in Proposition 3.4 is called a stable functor of F throughout this paper. 
Proof. The idea of the proof of Proposition 3.5 is similar to that of Proposition 3.4. We just outline the key points of the construction ofḠ.
By the remark at the end of Section 2, we can assume that
The existence of u g follows from the fact that the morphism
Since A-mod is fully embedded in D(A), the map u g can be chosen to be an A- 
is uniquely determined by g. As in the proof of Proposition 3.4, we can show that the composition of two morphisms is preserved, namely u gh = u g u h for all g ∈ Hom B (U,V ) and all h ∈ Hom B (V,W ).
1 is of the form in Lemma 3.2. By the uniqueness of Q • P , we have an isomorphism
. Hence Q 0 P ≃ Q 0 1 and Q 0 P is a projective A-module. Thus, if g : U −→ V factorizes through a projective B-module P, that is, g = st for s : U −→ P and t : P −→ V , then u g = u st = (u st − u s u t ) + u s u t factorizes through a projective A-module. This shows that the map g → u g is well-defined. Now, we defineḠ(U ) := Q 0 U for each B-module U andḠ(g) := u g for each morphism g in B-mod. Note that Q 0 U is, up to isomorphisms, uniquely determined by U (see Lemma 3.2). Thus we obtain an additive functorḠ from B-mod to A-mod. Moreover, the map λ U is a natural isomorphism in the quotient category 
, and a distinguished triangle
. Applying G to the first triangle, we obtain the following commutative diagram in D b (A)
The existence of η X follows from the fact that G(π X )γF X belongs to Hom
We claim that θ X is a natural map in A-mod. Indeed, for any A-module homomorphism f : X → Y , by the proof of Proposition 3.4, we have a homomorphism b f :
To finish the proof, we have to show that θ X is an isomorphism in A-mod for each A-module X . Clearly, we can assume that X is an indecomposable non-projective A-module. Using the method similar to that in the proof of Lemma 3.1, we can prove that
Since both X and GF(X ) have no homology in positive degrees, the complex G(Q + X ) has no homology in degrees greater than 1, and therefore Q i 1 = 0 for all i > 1. Now we may form the following commutative diagram in D b (A): 
). Since the two morphisms ε X and s are both isomorphism in D b (A), the morphism t is also an isomorphism in D b (A). Hence t is an isomorphism from
Moreover, since X is indecomposable and non-projective, the complex con(φ X ) is a radical complex. Thus, the chain map t is actually an isomorphism between con(φ X ) and Q •F Remark. Without the condition add( A Q) = add(ν A Q) in Proposition 3.5, we can similarly define a functor G ′ : B-mod −→ A-mod, as was done in Proposition 3.4. But the disadvantage of usingḠ ′ is that we do not know any behavior of the composition ofF withḠ ′ .
We say that a derived equivalence F between Artin algebras A and B is almost ν-stable if add( A Q) = add(ν A Q) and add( BQ ) = add(ν BQ ).
The following theorem shows that the almost ν-stable condition is sufficient forF to be an equivalence.
Theorem 3.7. Let A and B be two Artin R-algebras, and let F : D b (A) −→ D b (B) be a derived equivalence. If F is almost ν-stable, then the stable functorF is an equivalence.
Proof. Since F is almost ν-stable, we have add( A Q) = add(ν A Q). By Proposition 3.6, we haveḠF ≃ 1 A-mod . Since F is almost ν-stable, we also have add(Q) = add(νQ). With a proof similar to that of Proposition 3.6, we can show thatFḠ is naturally isomorphic to the identity functor 1 B-mod . ThusF andḠ are equivalences of categories. Theorem 3.7 gives rise to a method of getting stable equivalences from derived equivalences. In Section 5, we shall prove that, for finite-dimensional algebras, one even can get a stable equivalence of Morita type, which has many pleasant properties (see [3] , [18] , [19] and the references therein).
In the following, we shall develop some properties of almost ν-stable functors, which will be used in Section 5.
Let A E be a direct sum of all those non-isomorphic indecomposable projective-injective A-modules X that have the property: ν i A X is again projective-injective for every i > 0. The A-module A E is unique up to isomorphism, and it is called the maximal ν-stable A-module. Similarly, we have a maximal ν-stable B-module BĒ . The following result shows that an almost ν-stable functor is closely related to the maximal ν-stable modules. Remark: From Lemma 3.8, we can see that every derived equivalence between two self-injective Artin algebras is almost ν-stable. Thus, we can re-obtain the result [14, Corollary 2.2] of Rickard by Theorem 3.7. (2) is a dual statement of (1).
Lemma 3.9. Suppose Q ∈ add(
A E), andQ ∈ add( BĒ ). Then (1) for each P • in K b (add( A E)), the complex F(P • ) is isomorphic in D b (B) to a complex in K b (add( BĒ )). (2) for eachP • in K b (add( BĒ )), the complex G(P • ) is isomorphic in D b (A) to a complex in K b (add( A E)).
Proof. (1) It suffices to show that, for each indecomposable A-module U in add(
The following is a consequence of Lemma 3.9.
Corollary 3.10. If F is an almost ν-stable derived equivalence between Artin algebras A and B, then there is a derived equivalence between the self-injective algebras End A (E) and End B (Ē).
Proof. By Lemma 3.9, F induces an equivalence between K b (add( A E)) and K b (add( BĒ )) as triangulated categories. Since K b (add( A E)) and K b (End( A E)-proj) are equivalent as triangulated categories, we obtain an equivalence between K b (End( A E)-proj) and K b (End( BĒ )-proj) as triangulated categories. By [13, Theorem 6.4], the algebras End A (E) and End B (Ē) are derived-equivalent. Note that End A (E) is self-injective.
Let us end this section by the following result which tells us how to get an almost ν-stable derived equivalence from a tilting module.
Let A be an Artin algebra. Recall that an A-module T is called a tilting module if (1) the projective dimension of T is finite, 
It is well-known that a tilting A-module A T induces a derived equivalence between A and End
, and therefore P • is a radical tilting complex associated to G.
Since add(ν A P) = add( A P), the module A P is projective-injective. Thus A P ∈ add( A T ) and P i ∈ add( A T ) for all 0 ≤ i ≤ n − 1. We denote by T • the complex
with T in degree zero. Then Hom
F(Hom
Since P • is a tilting complex over A, we have A A ∈ add(P n ⊕ P). Thus there is a radical complexP
. By definition,P • is a tilting complex associated to F. (For the unexplained notations appearing in this proof, we refer the reader to Section 5 below).
We claim that F is almost ν-stable. In fact,
i is in add(Hom A (T, P)), and
Let A E (respectively, BĒ ) be the maximal ν-stable A-module (respectively, B-module). Then A P ∈ add( A E). Note that we have the following isomorphisms of B-modules:
It follows that
i is in add( BĒ ). By Proposition 3.8, the functor F is almost ν-stable.
Remark: Let A be a self-injective Artin algebra, and let X be an A-module. By [6, Corollary 3.7] , there is a derived equivalence between End A (A ⊕ X ) and End A (A ⊕ Ω A (X )) induced by the almost add(A)-split sequence 0 → Ω A (X ) → P X → X → 0, where P X is a projective cover of X . By Proposition 3.11, it is easy to check that this is an almost ν-stable derived equivalence. Thus the algebras End A (A ⊕ X ) and End A (A ⊕ Ω A (X )) are stably equivalent by Theorem 3.7.
Comparison of homological dimensions
In this section, we shall deduce some basic homological properties of the functorF and compare homological dimensions of A with that of B.
We make the following convention: From now on, throughout this paper, we keep our notations introduced in the previous sections.
Recall that the finitistic dimension of an Artin algebra A, denoted by fin.dim(A), is defined to be the supremum of the projective dimensions of finitely generated A-modules of finite projective dimension. The finitistic dimension conjecture states that fin.dim(A) should be finite for any Artin algebra A. Concerning the new advances on this conjecture, we refer the reader to the recent paper [20] and the references therein.
For an A-module X , we denote by pd( A X ) the projective dimension of X , and by gl.dim(A) the global dimension of A, which is by definition the supremum of the projective dimensions of all finitely generated A-modules. Clearly, if gl.dim(A) < ∞, then fin.dim(A) = gl.dim(A). 
Applying the functor F, we get a distinguished trianglē (2) Let X be an A-module. We have an exact sequence 0 −→ Ω A (X ) −→ P X −→ X → 0 in A-mod with P X projective. By (1), we get an exact sequence 0 −→F(Ω A (X )) −→ P ⊕F(P X ) −→F(X ) −→ 0 in B-mod for some projective B-module P. By the definition ofF, the B-moduleF(P X ) is projective. Thus (2) follows.
(3) The inequality pd( BF (X )) ≤ pd( A X ) follows from (2) . In fact, we may assume pd
Therefore Ω m BF (X ) is projective by (2), and pd( BF (X )) ≤ m. For the second inequality in (3), we may assume pd( BF (X )) = m < ∞. Let Y be an A-module. We claim that Proof: (1), (2) and (3) are dual statements of Proposition 4.1, and their proofs will be omitted here. We only prove (4). Let I be an injective B-module. Then I = ν B P for a projective B-module P. 
Let X be an A-module, and let 0 −→ X −→ I 0 −→ I 1 −→ · · · be a minimal injective resolution of X with all I j injective. The dominant dimension of X , denoted by dom.dim(X ), is defined to be dom.dim(X ) := sup{m | I i is projective for all 0 ≤ i ≤ m − 1}.
The dominant dimension of the algebra A, denoted by dom.dim(A), is defined to be the dominant dimension of the module A A. Concerning the dominant dimension of an Artin algebra, there is a conjecture, namely the Nakayama conjecture, which states that an Artin algebra with infinite dominant dimension should be selfinjective. It is well-known that the finitistic dimension conjecture implies the Nakayama conjecture.
Usually, a derived equivalence does not preserve the usual homological dimensions of an algebra. However, under the condition add( A Q) = add(ν A Q), we have the following inequalities about these homological dimensions.
derived equivalence between Artin algebras A and B. If add(
Proof. 
with P i ∈ add( A Q). From this sequence we get another exact sequence 
Stable equivalences of Morita type induced by derived equivalences
In this section, we shall prove that an almost ν-stable derived functor F between two finite-dimensional algebras actually induces a stable equivalence of Morita type. Our result in this section generalizes a well-known result of Rickard [15, Corollary 5.5] , which states that, for finite-dimensional self-injective algebras, a derived equivalence induces a stable equivalence of Morita type.
Throughout this section, we keep the notations introduced in Section 3 and consider exclusively finitedimensional algebras over a field k.
Let Λ be an algebra. By C + (Λ) (respectively, C − (Λ)) we denote the full subcategory of C (Λ) consisting of all complexes bounded below (respectively, bounded above). Analogously, one has the corresponding homotopy categories K + (Λ) and K − (Λ) as well as the corresponding derived categories D + (Λ) and D − (Λ). Recall that the category D − (Λ) is equivalent to the category K − (Λ-proj), and the category D + (Λ) is equivalent to the category K + (Λ-inj) (see [17, Theorem 10.4.8, p .388], for example). Thus, for each complex
we denote the total complex of the double complex with
This functor is called the right derived functor of Hom
and Hom
can be calculated by Hom
2 ). Suppose Λ 1 and Λ 2 are two algebras. Let T • i be a tilting complex over Λ i with [15] , describes the corresponding objects in various equivalent derived categories. Table 1 By Table 1 , one can easily find the corresponding objects in the above four equivalent derived categories. For instance, we consider the derived equivalence F : Table 1 shows that ( Note that it is an open question in [15] whether the two functors F and ∆ • ⊗ L A − are naturally isomorphic, although they have isomorphic images on each object by Lemma 5.1 (3) . The following lemma, which is crucial in our later proofs, describes some properties of the terms of the two-sided tilting complex ∆ • in Table 1 .
Lemma 5.2. The two-sided tilting complex
Proof. Thanks to Table 1 , there is a derived equivalence F :
are the associated tilting complexes to F and its quasi-inverse, respectively. Note that the two complexes are radical and have the shape as assumed in Section 3. By Table 1 , the two-sided tilting complex
, and therefore, by Lemma 3.1, the complex
Similarly, by Table 1 , there is a derived equivalence F : Table 1 , we know that the complex A) is a tilting complex associated to the quasi-inverse of F. Moreover, it follows from Table 1 
, and therefore
Note that, for each i > 0, we have This notion was introduced by Auslander in [1] to measure homologically how far an algebra is from being representation-finite, and has been studied by many authors in recent years (see [16] and the references therein).
The following result is a consequence of Theorem 5.3 since stable equivalences of Morita type preserve representation dimensions [18] . As another consequence of Theorem 5.3, we re-obtain the following result of Rickard [14] since every derived equivalence between self-injective algebras is almost ν-stable by Proposition 3.8. (2) Theorem 5.3 may be false if only one of the two equalities of the almost ν-stable condition is satisfied. For a counterexample, we refer the reader to Example 2 in Section 7.
Inductive constructions of almost ν-stable derived equivalences
In this section, we shall give several inductive constructions of almost ν-stable derived equivalences. As a consequence, one can produce a lot of (usually not self-injective) finite-dimensional algebras that are both derivedequivalent and stably equivalent of Morita type.
In this section, we keep the notations introduced in Section 3. Our first inductive construction is the following proposition. Proof. We keep the notations in the proof of Theorem 5.3. By the last part of the proof of Theorem 5.3, the two-sided tilting complexes ∆ • and Θ • have the properties: . Now we prove that the restrictions of these two functors to K b (add(A ⊕ X )) and to K b (add(B ⊕F(X ))) are also mutually inverse equivalences for each A-module X .
In fact, the complex ∆ • ⊗ • A X is of the following form
Since ∆ i is a projective bimodule for all i > 0, the term ∆ i ⊗ A X is a projective B-module for all i > 0. Moreover, by Theorem 5.3, we have ∆ 0 ⊗ A X ≃F(X ) in B-mod, and therefore ∆ 0 ⊗ A X is a direct summand ofF(X ) ⊕ P for some projective B-module P. Hence the complex
Let Λ = End A (A ⊕ X ) and Γ = End B (B ⊕F(X )). Then K b (Λ-proj) and K b (Γ-proj) are canonically equivalent to K b (add(A ⊕ X )) and K b (add(B ⊕F(X ))), respectively. By [13, Theorem 6.4] , there is a derived equivalence F between Λ and Γ. Moreover, the tilting complexes associated to F and its quasi-inverse are Hom
, respectively. By the proof of Theorem 5.3, the i-th term Θ i of Θ • is in add(Q ⊗ kQ * ) for all i < 0. Hence Θ i ⊗ BF (X ) is in add(Q) for all i < 0, and all the terms in negative degrees of Hom
Similarly, all the terms in positive degrees of Hom
. Note that we have the following isomorphisms
Since add( A Q) = add(ν A Q), we have add(Hom A (A ⊕ X , Q)) = add(ν Λ (Hom A (A ⊕ X , Q)) ). Similarly, we have add(Hom B (B ⊕F(X ),Q)) = add(ν Γ (Hom B (B ⊕F(X ),Q))). This shows that the derived equivalence between Λ and Γ induced by the tilting complex Hom 
Since F is almost ν-stable, we have add(Q) = add(ν A Q) and add
Hence F is almost ν-stable and the proof is completed.
Let A be a finite-dimensional algebra over a field k, and let X be an A-module. 
Examples and questions
In the following, we shall illustrate our results with examples. Example 1: Let A and B be finite-dimensional k algebras given by quiver with relations in Fig. 1 and Fig. 2 , respectively. Let P A (i), I A (i) and S A (i) denote the indecomposable projective, injective and simple A-modules corresponding to the vertex i, respectively. We take a non-zero homomorphism f : P A (2) → P A (1) . Then there is a tilting complex of A-modules
The endomorphism algebra of Q • is isomorphic to B. Let F : D b (A) → D b (B) be a derived equivalence with Q • as its associated tilting complex. Clearly, F is almost ν-stable since A and B are symmetric algebras. By [6, Proposition 7.3] , there is a derived equivalence F 1 betweenĀ = A/(αβγ) andB = B/(αβ) with inverse G 1 such that the associated tilting complexes overĀ and overB are
respectively. Clearly, the two complexes satisfy the conditions: add(ĀQ 1 ) = add(νĀQ 1 ) and add(Q 1 ) = add(νBQ 1 ). Hence the algebrasĀ andB are both derived-equivalent and stably equivalent of Morita type by Theorem 5.3. We know that F 1 (SĀ(1)) is isomorphic to the simpleB-module SB (1) . The one-point extensionĀ[SĀ (1) ] is given by the quiver Fig. 3 . with relations αβγ = βγαβ = γαβγ = ηα = 0, and the one-point extensionB[SB (1)] is given by the quiver Fig.  4 . with relations ηα = αβ = δγδ = βα − γδ = αγ = δβ = 0. By Proposition 6.3, there is a derived equivalence betweenĀ[SĀ(1)] andB[SB(1)], which induces a stable equivalence of Morita type. An calculation shows that F 1 (IĀ (1)) is isomorphic to theB-module IB (1) . The algebras EndĀ(Ā ⊕ IĀ (1)) and EndB(B ⊕ IB (1) ) are given by Fig. 5 and Fig. 6 , respectively. Thus EndĀ(Ā⊕IĀ(1)) and EndB(B⊕IB(1)) are derived-equivalent and stably equivalent of Morita type by Proposition 6.1.
The following example, taken from [14] , shows that Theorem 5.3 may fail if only one of the conditions of an almost ν-stable functor is satisfied. Example 2: Let A be the 17-dimensional algebra given by the quiver Let G be a quasi-inverse of F. ThenQ • is a tilting complex associated to G. Clearly, A Q = Q −1 = P A (1) and BQ =Q 1 = P B (1) . It is easy to see that F satisfies the condition add( BQ ) = add(ν BQ ), but not the condition add( A Q) = add(ν A Q). Note that B is a Nakayama algebra and has 16 non-projective indecomposable modules, while A has more than 16 non-projective indecomposable modules. Thus A and B cannot be stably equivalent. This example also shows that Corollary 3.10 may be false for derived equivalences in general. In fact, we have A E = P A (1) and BĒ = 0 in this example.
Finally, we mention the following questions.
(1) Find new conditions for a derived equivalence to induce a stable equivalence of Morita type.
